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I. Introduction
Low-thrust propulsion, such as the one produced by an electric thruster, is currently one of the most promising propulsion systems for interplanetary missions. On the other hand, solar sailing is an appealing technology, for being propellant-less. In general, for the design of both low-thrust and solar-sail trajectories, since no analytical solutions exist, an optimal control problem (OCP) must be solved numerically [1, 2] .
A common approach used to compute solar-sail optimal transfers consists in the use of the indirect method, which is based on the Pontryagin Minimum Principle (PMP) formulation [3] . One of the first applications of the PMP formulation to interplanetary solar-sail transfers is by Sauer [4] . More recent studies focused on the use of the indirect method in computing optimal transfer trajectories for a non-ideal solar sail [5, 6] and for optimal solar-sail transfers to near-Earth asteroids [7, 8] . Pseudo-spectral methods with direct transcription are an alternative [9] : this method, combined with a shape-based approach to generate a first guess, has also been used to design optimal solar-sail trajectories for multiple near-Earth-asteroid rendezvous missions [10] . Single-or multiple-shooting differential-correction processes are also employed to generate solar-sail trajectories [11, 12] . The trajectories obtained are often used as initial-guess solutions for a subsequent optimisation, usually via direct transcription and pseudo-spectral methods.
Furthermore, a heuristic evolutionary method has also been employed to design optimal very-low-thrust transfers powered by solar-sail propulsion [13] . Heuristic methods are also used in literature as automatized techniques to solve space-transfer OCPs via the PMP formulation (also referred to as Hamiltonian formulation) [14] [15] [16] . In addition, in
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[16] optimal low-thrust, solar-sail, and hybrid low-thrust/solar-sail trajectories are computed for the cases of planar circular-to-circular orbit transfer problems. According to that paper, the optimal control problems considered have all been individually computed (within the Hamiltonian formulation) by means of the combined use of a genetic algorithm and a gradient-based method.
One of the main advantages of the indirect optimization method consists in the highly accurate solutions produced if it converges. However, it often suffers (for a wide range of problems) of numerical sensitivity to the initial-guess solution provided, so that a convergent solution can be hard to obtain [17] . To address this difficulty, techniques based on the combined use of homotopy and continuation have been extensively applied in literature. The homotopy [18] is used to relax the OCP to one for which a solution is already known or easy to compute. Numerical continuation [19, 20] is employed in order to evolve the solution of the relaxed OCP to the one of the original optimal control problem.
For the sake of simplicity in the explanation, in this paper, the homotopy and continuation techniques are often enclosed under the general family of homotopy methods.
Conspicuous work has been carried out regarding the application of these techniques, especially (but not only) related to the computation of optimal low-thrust transfers. Several studies have involved homotopic approaches for the solution of fuel-optimal low-thrust transfers. In 2002, Bertrand and Epenoy [21] studied the use of homotopy in order to relax a bang-bang optimal control problem to one characterized by a smoother control. Then, they used continuation in order to transform the relaxed problem to the original one. Finally, they also provided an example of the application of their method to the computation of a low-thrust fuel-optimal interplanetary transfer. Later in 2004,
Haberkorn et al. [22] solved the low-thrust minimum-fuel orbital transfer problem by using two homotopies in series:
a first one on the initial conditions of the optimal control problem (to solve the energy-optimal transfer), a second one on the problem cost function, thus connecting the energy to the fuel OCP. In 2012, the energy-to-fuel homotopic criterion was resumed by Li and Xi [23] and applied to solve a different kind of trajectory optimization problem, that is a low-thrust minimum-fuel formation-flying satellites reconfiguration. A different homotopic approach has also been developed to compute minimum-time low-thrust trajectories. In 2003, Caillau et al. [24] solved a low-thrust minimum-time-of-flight orbital transfer problem by applying the homotopy method on the maximum thrust provided by the propulsion system. Homotopy methods have been successfully employed even in the computation of optimal low-thrust transfers in the planar restricted three-body Earth-Moon system. In fact, in 2012, Picot [25] computed 6 minimum-time-of-flight and minimum-energy Earth-L2 and Earth-Moon low-thrust trajectories by means of the homotopy method. The minimum-time transfers were obtained by continuation on the control bound, the minimumenergy transfers, instead, via continuation on the parameter relative to the mass ratio of the primaries. A combined use of homotopy with other optimization methods has been also introduced, to address the problem of initialization of the homotopic-continuation process. For instance, Guo et al. [26] proposed the use of a pseudo-spectral method to solve the energy-optimal problem and provide a good initial-guess solution for the subsequent energy-fuel homotopic continuation. Jiang et al. [27] , instead, proposed the use of a particle-swarm optimization algorithm to increase the probabilities to find a global solution for the minimum-energy problem. Starting from such solution, they used the energyfuel homotopy in order to compute minimum-fuel low-thrust rendezvous with the inclusion of gravity assist maneuvers. Studies have been also carried out in which the homotopy method has been employed for the computation of high-fidelity optimal low-thrust transfers, inclusive of several external constraints. In this regard, Geffroy and
Epenoy [28] used numerical averaging techniques to introduce various constraints in the OCP formulation for lowthrust transfer trajectories. These constraints are both environmental (Earth oblateness and shadow effects) and technological (maximum thrust-magnitude and direction constraints). Then, the authors computed both minimum-time and minimum-fuel optimal solutions; the latter were obtained by employing the energy-fuel homotopy and using the minimum-time-of-flight solution as initial-guess to initialize the continuation. Furthermore, in [28] the authors proposed also a continuation strategy to consider the thrust-direction constraint, by progressively reducing the boundaries on the thrust cone-angle until the required value. In 2013, Tarzi et al. [29] resumed the work in [28] and improved it by considering additional environmental constraints in the OCP formulation and enhancing the convergence and speed of the optimization process. Very recently in 2016, Pan et al. [30] proposed a double-homotopy method to overcome some of the main difficulties that not infrequently lead traditional homotopy method to fail during the continuation process. The authors showed the effectiveness of the method also on a trajectory optimization problem, relative to a three-dimensional (3D) minimum-time low-thrust orbital transfer.
Despite an extensive application of the homotopy method to trajectory optimization problems with low-thrust propulsion, a proper literature is missing about its use for the solution of optimal transfer problems with solar-sail propulsion. Although solar-sail propulsion represents a particular form of low-thrust propulsion, a solar sail differs 7 from an electric propulsion because: (a) a solar sail cannot thrust towards the Sun, and (b) the magnitude of its acceleration is nonlinearly related to the thrust direction and it depends on the inverse of the square distance from the Sun.
On the other hand, low-thrust propulsion, at least in a preliminary design phase, does not usually have such restrictions on the thrust provided [31] . Thus, due to its constraints, the solar-sail OCP is characterized by a more restricted space of feasible solutions with respect to the classical low-thrust one. That is, the solar-sail OCP is usually more difficult to solve numerically respect to a classical low-thrust one. Therefore, the use of the homotopy method could be an advantageous approach if employed to transform a low-thrust optimal solution into a solar-sail one. The solution of the low-thrust optimal control problem can be obtained by one of the conventional approaches available in the literature or by a preliminary application of the homotopy method.
The work in this paper focuses on the application of homotopy to convert low-thrust to solar-sail optimal trajectories. Furthermore, in this paper, the homotopy is applied for the first time (to the best of the author's knowledge) to change the thrust provided by a propulsion system into the one given by a different propulsion system. In particular, the purpose is to develop an efficient method to compute a solution for the solar-sail minimum-time-of-flight OCP, starting from a low-thrust solution of a similar transfer, which is easier to find or readily available. The efficiency of the proposed method regards both the computational time needed to get the solution and the level of accuracy of the solution itself. The method makes use of the homotopy theory associated with numerical continuation: the purpose is to properly link the low-thrust to the solar-sail minimum time-of-flight problem by means of a homotopy function.
Consequently, it is possible to pass from the solution of the former OCP to the one of the latter OCP via the continuation method. Furthermore, numerical comparisons will address the problem to relate the method proposed to conventional approaches to numerically solve solar-sail optimal problems within the Hamiltonian formulation (as done, for instance, in [16] ). The homotopic approach proposed in this paper is developed in the approximation of planar transfers. That is, only planar solar sail trajectories can be computed by this method. However, the planar solutions are proven to be good approximations of the 3D solar-sail solutions, for small-inclination-change transfers. This occurs in the numerical cases tested in this paper, in which the planar solar sail transfers are directly used to compute, in a single shooting approach, the 3D transfer solutions.
The paper is organized as follows. In Sec. II, the mathematical model is shown, whereas in Sec. III the homotopic approach is explained in detail. In Sec. IV, two numerical test cases on Earth-Mars rendezvous are used to validate the approach proposed and compare it with a conventional heuristic-based method used to compute solar-sail optimal solutions. In the same section, the homotopic approach is also tested for the computation of transfers to an object with larger orbital eccentricity. That is done in two additional test cases, regarding Earth-Apophis rendezvous. Conclusions and final remarks are drawn in Sec. V.
II. Mathematical model
The core of the proposed approach consists of a homotopy function that links the low-thrust with the solar-sail optimal problem. Numerical continuation is used to compute the minimum-time solar-sail solution, starting from the low-thrust solution for a similar transfer problem. The low-thrust solution is assumed to be provided, as it can be computed without any particular effort. Specifically, the homotopic transformation is introduced on the acceleration that is provided by the low-thrust system, given by the expression maxLT au  an (1) in which max a and [0,1] u  are, respectively, the low-thrust maximum acceleration and the non-dimensional control; n is the thrust unit vector. Note that the spacecraft mass variation is not considered in the equations of the dynamics. This is because the optimal control law for a low-thrust-propelled spacecraft is transformed to that of a propellant-less sailcraft. The solar sail is modeled as an ideal and perfectly-reflecting sail, for which the acceleration provided is given 
B. Equations of the dynamics
The dynamics of a spacecraft under the action of gravity and a generic acceleration are [32] 
whereas, for the case of a sailcraft, it is given by   
C. Optimal control problem formulation
The optimal control problem is stated for the general case of a minimum-time rendezvous, whereas the optimal control laws are initially formulated in the planar case, both for the low-thrust and the solar-sail transfers [2] . This is done because the planar low-thrust and solar-sail OCPs occur, respectively, at the beginning and the end of the homotopy continuation. Furthermore, the planar solar-sail solution is used to compute the 3D solar-sail trajectory, using a single shooting approach. The OCP formulation of the 3D solar-sail transfer is also given at the end of this section. The cost function J to be minimized is the total transfer time, that is 11 00 ff J t t t    (7) in which 0 t and f t are the initial and final epochs, respectively. It should be noted that the normal case [33] has been considered in the formulation of the optimal control problem. The first-order PMP conditions are considered and stated below. These conditions require the definition of the Hamiltonian function [2] as 
The initial and final boundary conditions for a rendezvous problem are, respectively:
In Eq. (10), 0 x is the initial state of the departing object, whereas in Eq. (11), f x is the final state of the target object.
The scalar condition in Eq. (11) Planar case. For the case of a low-thrust system, the optimal direction of the thrust is given by 3D case. For the case of a 3D solar-sail transfer, the thrust direction is identified by both the cone and clock angles.
Recalling the primer vector theory [3] , the ideal thrust direction 
III. Homotopic approach
The homotopy is defined as a function linking continuously two continuous functions from a topological space to another [18] . It is proposed to use the homotopy to link the shooting functions relative to the low-thrust and solar-sail OCPs, respectively. The shooting function is represented by a nonlinear function given by   : nm  z  , in which n is the number of optimization variables and m is the number of nonlinear scalar equations included in  [22, 27] .
For the OCPs at hand, such function is expressed as When 0   , the homotopy is the shooting function relative to the low-thrust optimal problem, whereas, when 1  
, the homotopy turns in the shooting function relative to the solar-sail optimal problem.
A. Homotopic transformation
As stated, a homotopic transformation is introduced to link the low-thrust with the solar-sail OCP. This transformation is related to the formulation of the spacecraft acceleration, and it is given by   . In all the numerical test cases performed, the pseudo solar-sail solution always proved to be a good initial guess for the direct computation of the real solar-sail solution. A continuation strategy on the boundaries of the thrust cone angle [28] did not prove to be necessary.
If the desired characteristic acceleration is different with respect to the corresponding low-thrust acceleration (i.e. (23) in which 2   . In this case, the corresponding homotopy is given by 22 ( , )
As mentioned, the numerical continuation is used to continue and follow the solutions of the homotopy until eventually compute the desired solar-sail solution.
B. Transformed optimal control problem formulation
The PMP conditions stated in Sec. II.C assume a different form only when Eq. (21) is introduced in the equations of the dynamics; this does not occur when Eq. (23) is taken into account, because in this case a planar solar-sail OCP is solved and numerical continuation is only performed to decrease the characteristic acceleration. The main differences are in the formulation of the dynamics and in the optimal control law. Because a planar approximation is assumed in the homotopic transformation, the dynamics are now described as: The optimal control variables are the control angle  and the low-thrust non-dimensional control u . The first order optimality condition for  implies that 
C. Transversality condition avoidance
The differential equations of the costates are homogenous, as it can be evinced, for instance, by their explicit formulation for the planar case: 
For the sake of conciseness and without losing of generality, the formulation of the costate equations given by Eq.
(30) is considered throughout this section. It is easy to verify that the same demonstration is also valid for the 3D case. (28) and Eq. (29) are unchanged. This implies that the optimal control laws and, thus, the entire dynamics of the rendezvous problem are also unaffected. However, the transversality condition on the Hamiltonian turns into
The transversality condition of Eq. (31) implies that the OCP cost function is 0 f J at  , which is the same as considering Eq. (7). Therefore, the transversality condition on the Hamiltonian is negligible and can be excluded in the OCP formulation, if a minimum-time transfer problem is considered.
By adopting a constraint reduction, heuristic solvers can compute a solution for minimum-time transfer problems more easily. Indeed, equality constraints (such as the transversality condition on the Hamiltonian) can "narrow considerably the search space in which feasible solutions can be located" [14, 15] . For these reasons and for a matter of consistency, the transversality condition on the Hamiltonian has been excluded in all the numerical cases tested in this paper, both when heuristic and deterministic solvers have been used. To test the validity of the results, Eq. (31) was verified a posteriori on all the numerical test cases carried out and it was found that this relation was always verified for real positive values of a . As result of neglecting the transversality condition on the Hamiltonian,   ,  0 z  18 reduces to an underdetermined system of nonlinear equations: that is, a least-square numerical solver [35] is needed to find the solutions of such system. Nevertheless, it has been empirically verified that this approach is both numerically stable and faster than solving a square system, at least for the test cases considered.
D. Numerical continuation
The zeros of the solar-sail shooting function can be computed by using numerical continuation, starting from the low-thrust solution. In fact, this technique allows to follow the so-called "zero-path" of the homotopy (i.e. 
IV. Numerical test cases
This section presents four numerical test cases. Two test cases on solar sail Earth-Mars rendezvous are firstly considered to validate the homotopic approach. In these tests, the homotopic approach is compared with a classical solution method, based on the use of a heuristic solver. Two additional test cases on Earth-Apophis rendezvous assess the performances of the homotopic method in computing optimal solar-sail transfers to an object with a moderate orbital eccentricity. Keplerian elements of Mars and Apophis are in Table 1 . The Earth orbit is considered circular with radius of 1 AU . Table 1 . This is done by means of a single shooting approach for both test case 1 and 2.
As previously mentioned, a genetic algorithm is also used in the first two test cases to solve the solar-sail OCPs.
This is done only for the case of coplanar transfers between circular orbits, for a fair comparison between the GA and the homotopy method. The objective function to be minimized is the The tolerances on the final position and velocity have been set to 1000 km for the position error and 0.1 m s for the velocity errors, as stated in [37] . These tolerances are the same for all the test cases taken into account in this work.
It is also worth mentioning that a C++ implementation of the Bulirsch-Stoer algorithm has been used to propagate the equations of the dynamics [38] . The absolute and relative tolerances for the propagator have both been set to 
Test case 1.
The launch date is fixed on February, 14 th 2016. Table 2 shows the results of both the homotopy and the GA. The results for GA are expressed in terms of success rate of each set of settings, which is the percentage of runs (out of 100) that terminate with at least one feasible solution (a solution within the required tolerances). It is important to note that the success rates among all the sets of settings considered are below the 40%. The second column of Table   2 shows the number of sets with a success rate above 30% for the GA (because the homotopy method consists of a deterministic approach, it can be either successful or not successful). For the GA, the computational time is the lowest average computational time among all the sets of settings with a success rate above 30%. In Table 2 , the minimum
and maximum values of the time of flight are shown for the GA. Table 2 shows that the result obtained via the homotopy approach is consistent with the one obtained via the GA method, with a comparable computational time. Figure 2a shows the evolution of the cone angle over time during the first continuation (from low-thrust to pseudo solar-sail). The curve relative to the low-thrust solution is represented by a thick dashed line, whereas the curve for the pseudo solar-sail solution is in a thick continuous line. Figure 2b shows a comparison between the low-thrust and the solar sail cone angles over time. Note that the low-thrust cone angle over time is the same in both panels. is computed by means of the homotopy method. Again, this same transfer is computed both by homotopy and genetic algorithm, for comparison purposes. The GA has been used with only one set of settings (Population = 500, MaxGenerations = 10000). The numerical results for both the homotopy and GA methods are shown in Table 3 . Although the results, in terms of transfer trajectory and time of flight, have a purely academic interest, it is important to note the superior performances of the homotopy method with respect to the GA in terms of computational effort. In addition, it should be remarked the significant difference, in terms of transfer time, found by the two methods.
Although the GA searches for a global solution, within a certain statistical confidence, cases occur in which a better solution exist but can be more difficult to be found by the heuristic solver, as Table 3 shows. In fact, different local solutions exist and the homotopy method can compute a better solution, if the numerical continuation follows a zeropath leading to a better local minimum [36] .
As before, a single shooting approach has been used to compute the three-dimensional Earth-Mars rendezvous, starting from the solution obtained via the homotopy method and shown in Table 3 . The computational time spent in the direct shooting solution is of the order of fractions of second, and the 3D transfer time of flight is 0 3287 days
Discussion. As a result of the numerical test cases on Earth-Mars rendezvous, the homotopy method shows good performances in the computation of minimum-time solar-sail trajectories. This is particularly evident when lower values of the sail's characteristic acceleration are considered.
Lastly, it is important to mention that the proposed homotopy method requires initialization with a solution, consisting of a low-thrust transfer reasonably close to a minimum-time low-thrust rendezvous. In fact, the low-thrust solution used in test case 1 (consisting of a coplanar circular-to-circular orbit transfer) is close to a rendezvous transfer performed at the same launch epoch chosen for this test case. If a different launch date needs to be considered, the planar solar-sail transfer computed for test case 1 can be used to initialize a continuation process performed on the initial relative longitude between Earth and Mars [36] . The continuation terminates when such angle equals to the initial relative longitude corresponding to the desired launch date.
B. Transfers to object with moderate eccentricity: Earth-Apophis rendezvous
The numerical cases tested in this section aim to validate the proposed homotopy method for more complex scenarios, involving transfers to objects with moderate eccentricity. The mission scenario consists in a rendezvous transfer from Earth to asteroid (99942) Apophis. The results shown in [39] are used as a mean of comparison and validation.
The departure from the Earth takes place on July, 28 th 2017, as in [39] . Table 4 and compared with the findings in [39] . Again, the single shooting approach used to compute the 3D solutions requires only fractions of a second to converge. Therefore, the computational time required to compute the 3D solutions is neglected in Table 4 . As shown in the table, the results of the Earth-Apophis rendezvous of test case 3 and 4 are in good agreement with the results presented in [39] . Figure 6 and Fig proaches would usually require a single optimization to be performed for each value of the characteristic acceleration, leading to a higher computational effort to obtain the entire family of solutions, making this method particularly appealing for preliminary mission design. In fact, the early stages of a solar-sail mission planning are usually characterized by an uncertainty on the value of the sail characteristic acceleration. For instance, Ref. [40] shows the value of the characteristic acceleration as function of the sail size for the DLR/ESA Gossamer Roadmap to solar sailing. A preliminary mission is described in [40] which considers a characteristic acceleration 
V. Conclusions
In this paper, the homotopic approach is used to compute minimum-time solar-sail rendezvous transfers starting from a low-thrust solution for a similar problem, computed in the planar approximation. The low-thrust solution is assumed given as it is normally easy to find numerically. By adopting the homotopic approach, the low-thrust solutions are converted into 2D optimal solar-sail trajectories. These solutions are used to compute 3D solar sail trajectories, using a single shooting, assuming small inclination change. Numerical test cases are shown for Earth-Mars and EarthApophis rendezvous transfers. Both the homotopic approach and the genetic algorithm are used to compute minimumtime solar-sail transfers, for the case of planar circular-to-circular Earth-Mars rendezvous and within the same formulation of the optimal control problem. The advantage of the proposed technique is in obtaining precise solutions for solar-sail minimum-time problems with a little computational effort, with respect to a conventional solver, such as a genetic algorithm. These advantages are particularly evident when low characteristic accelerations are considered.
The numerical efficiency of the proposed method is also proved for the computation of solar-sail trajectories to an 29 object with a moderate orbital eccentricity, as shown in the transfer to Apophis. The homotopic approach is particularly suitable as a preliminary mission design tool, to quickly compute minimum-time solar-sail trajectories within a wide range of characteristic accelerations.
